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Abstract 

According to classical non-relativistic Schrodinger equation, any local perturba- 
tion of wave function instantaneously affects all infinite region, because this equation 
is of parabolic type, and its solutions demonstrate infinite speed of perturbations 
propagation. Prom physical point of view, this feature of Schrodinger equation 
solutions is questionable. According to rclativistic quantum mechanics, the pertur- 
bations propagate with speed of light. However when appropriate mathematical 
procedures are applied to Dirac relativistic quantum equation with finite speed of 
the wave function perturbations propagation, only classical Schroedinger equation 
predicting infinite speed of the wave function perturbations propagation is obtained. 
Thus, in non-rclativistic quantum mechanics the problem persists. In my work mod- 
ified non-relativistic Schrodinger equation is formulated. It is also of parabolic type, 
but its solutions predict finite speed of the wave function perturbations propaga- 
tion. Properties of modified Schrodinger equation solutions are studied. I show 
that results of classical Davisson-Germer experiments with electron waves diffrac- 
tion support developed theoretical concept of modified Schrodinger equation, and 
predict that speed of the wave function perturbations propagation has order of 
magnitude of speed of light. 
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1 Introduction 

We will start from classical time dependent Schrodinger equation 



and its corollary classical DeBroglie's wave of a free material particle [U = 0, E = const) 
moving parallel axis Xm 



where h = h/2'n', i = ^/— T, and h, \E^, t, m, U, u = E/h, k = p/h, E, p = mv, v denote 

Planck's constant, wave function, time, mass, potential energy, frequency, wave number, 
the particle energy, momentum and speed, respectively. 

We suggest U = and analyse a system consisting of a material particle which initially 
does not move £' = 0,^ = with respect to a coordinate system x, y, z. It means 
that initially 1^ = 0, k = 0, DeBroglie's wave does not exist, and = 0. Then at 
some moment of time to = the particle starts moving, and becomes E ^ 0, p 0, 
thus, creating a non-zero DeBroglie's wave u ^ 0, k ^ and a non-zero \E' 7^ local 
perturbation of the wave function. In this case, according to equation ([T|, all infinite 
region instantaneously becomes perturbed: everywhere instantaneously becomes 7^ 0, 
because this equation is of parabolic type and therefore predicts infinite speed of the 
perturbations propagation. Also instantaneously infinite DeBroglie's wave ^ appears in 
the region. From physical point of view, such mathematical behaviour of classical time 
dependent Schrodinger equation solutions is questionable. 

According to relativistic quantum mechanics, the perturbations propagate with speed 
of light. However when appropriate mathematical procedures are applied to Dirac rela- 
tivistic quantum equation with finite speed of the wave function perturbations propaga- 
tion, only classical Schroedinger equation predicting infinite speed of the wave function 
perturbations propagation is obtained. Thus, in non-relativistic quantum mechanics the 
problem persists. 

I suggest that in non-relativistic case speed of the perturbations propagation is also 
finite and is equal to speed of light. In my works [l]-[3] were derived and studied parabolic 
partial differential equations with solutions predicting finite speed of the perturbations 
propagation. These findings I apply now in order to formulate and analyse modified time 
dependent Schrodinger equation whose solutions display finite speed of the wave function 
perturbations propagation. As one of results I prove that electron wavelength is smaller 
than determined from classical equations, and find that Davisson and Germer experiment 
confirms this prediction. 
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2 Theory of the modified time dependent Schrodinger 
equation 



2.1 The wave function perturbations propagation 

We assume that initially zero wave function \E' = exists in infinite region. At moment 
of time to = a non-zero perturbation of the wave function 7^ is locally introduced, 
and finite speed of the perturbations propagation is assumed. Therefore a non-perturbed 
= and a perturbed \1' 7^ subregions appear in the region. Let Sp be a surface 
separating the perturbed subregion from the non-perturbed one. According to our basic 
assumption, the perturbed subregion gradually propagates into the non-perturbed subre- 
gion, and any point E of the surface Sp moves with finite normal speed vp which is speed 
of the perturbations propagation. As speed of the perturbations propagation vp cannot 
be lower than the particle speed v, therefore vp is equal to speed of light. 

Let perturbation traveltime tp{x, y, z) [I]-[3] be a time moment when the perturbation 
reached a given point M{x,y,z). It means that the boundary surface Sp, separating 
the perturbed from the non-perturbed subregion, is a surface of constant perturbation 
traveltime tp{x,y,z) = const. From definition of perturbation traveltime follows 

|Vtp| = — (3) 

Vp 

dtpy fdtpy fdtpY_i^ 

dx J ^ \dy J ^ \dz J ~ vl ^ ' 

The non-linear governing equation ^ is similar to the classical eikonal equation |3], 
[5]. Its primary wave solution tp{x,y,z) defines perturbation traveltime and satisfies 
initial condition 

top{x,y,z) =to = (5) 

where tQp{x,y, z) and to denote initial value of traveltime and time moment when the 
perturbation was introduced. 



2.2 The local time concept and the modified Schrodinger equa- 
tion 

For any point M{x,y,z) of the region, can be introduced local time ^{x,y,z,t) [I]-|3] 
counted from a moment when the perturbation reached this point 

'&{x,y,z,t) = t-tp{x,y,z) (6) 
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Naturally, there can be three characteristic cases: 



1. = t — tp < 0, the perturbation has not reached the point M. Thus, the point 
belongs to the non-perturbed subregion. 

2. = t — tp = 0, the perturbation has reached the point M. Now the point M is 
located on the border surface Sp, separating the perturbed and the non-perturbed 
subregions. 

3. = t — tp > 0, the point M is located inside the finite perturbed subregion with 
moving border Sp. All further considerations are related to this subregion where 
-d > 0, \1/ 7^ 0, z/ 7^ 0, k ^ 0. Obviously, classical time dependent Schrodinger 
equation does not describe such situation, and a new quantum equation must be 
derived. 

According to the local time concept formulated earlier [T]-[3], parabolic type partial 
differential equations predicting finite speed of the perturbations propagation and the 
respective equations with infinite speed of the perturbations propagation are identical, if 
independent variables = t — tp, x, y, z are used. When speed of the perturbations 
propagation is infinite fp — )■ oo, in these equations local time is identical to global time 
{} = t because tp = 0. The same equations describe the finite vp case when tp > 0, < 
< t. All equations written in such universal form we call modified equations. 

Application of local time concept leads to modified time dependent Schrodinger equa- 
tion 

+ ^^V^vl; -U^ = (7) 
ov 2m 

and its corollary modified DeBroglie's wave equation 

* = exp[27ri(-i/^9 + kxm)] (8) 

We will prove that solutions of modified time dependent Schrodinger equation predict 
finite speed of the perturbations propagation. 



3 Analysis of the modified Schrodinger equation 

3.1 Comparison of modified equation with classical Schrodinger 
equation 

Modified time dependent Schrodinger equation ([T]) is of the parabolic type as classical 
Schrodinger equation. In a classical case of infinite speed of the perturbations propagation 
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fp — 7- oo there is tp = 0, = t, and modified equations ([7]) and (|8]) become identical to 
classical equations ([T| and ([2]), respectively. 

Solutions of classical time dependent Schrodinger parabolic type equation ([T]) predict 
that any local perturbation introduced at initial moment of time to = 0, instantaneously 
affects all infinite space domain. The modified time dependent Schrodinger parabolic 
type equation ([T]) uses local time 'd instead of global time t as an independent variable. In 
this case, initial perturbation introduced at initial local time moment "do = to — top = 0, 
affects an arbitrary point A{xA,yA, za) of the space domain at the same local time value 
'&A = tA — t p{x A) y Ai z a) = 0. Therefore perturbation arrives to an arbitrary point 
A{xA,yA, za) at global time moment tA = tp{xA,yA, za), i-e. with global time delay. So 
the modified Schrodinger equation predicts finite speed of the perturbations propagation, 
and the perturbations have a wave behaviour. These waves do not refiect and interfere, 
because only solutions of eikonal equation Q corresponding to primary perturbation 
waves propagating in the non-perturbed subregion, have physical meaning. 

Let '^{x,y, z,t) be a solution of the classical Schrodinger equation ([T]), satisfying cer- 
tain boundary and initial conditions. For the same boundary and initial conditions, a 
solution of the modified Schrodinger equation ([t]) is the same function but with local time 
as an argument \E'(x, z, > 0. For an arbitrary point A with coordinates xa, yA, za 
and perturbation traveltime value tp{xA,yA, za), located inside the perturbed subregion, 
the difference of solutions of classical and modified Schrodinger equations is 

= ^(xa, yA, Za, t) - ^(xa, yA, za,^ = t-tp) ^ — tp (9) 

Absolute value of this difference is small for small values of perturbation traveltime tp 
and/or slow processes, when absolute value of ^ is small. In this case, solutions of 
classical time dependent Schrodinger equation are accurate enough. 



3.2 Time independent modified equation 

By using a standard presentation of \E' = ip exp{—2TTih't) for E = const |6]-|8] but with 
local time as an argument = ip exp{—2TTii'i)) we obtain time independent version of 
modified Schrodinger equation ([T]) 

— VV + {E-U)ij = (10) 
2m 



We see that time independent version of modified Schrodinger equation ( 10 ) is identi- 
cal to classical time independent Schrodinger equation. Therefore all solutions of modified 
time independent Schrodinger equation formally are identical to solutions of classical equa- 
tion. However there is also an essential difference, because in the classical case multiplier 
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exp(— 27riz/t) is only function of time t, while in the case of modified Schrodinger equa- 
tion multiplier exp{—2nih'^) = exp[— 27riz/(t — tp{x, y, z))] is a function of time and space 
coordinates which exists only in perturbed subregion where t > tp{x,y,z). Therefore 
any solution of modified time independent equation has physical meaning only in finite 
perturbed subregion with moving border and inside this subregion wave function can be 
normalized. 



4 Waves of matter according to modified Schrodinger 
equation 

In a general case function is complex 

^(a;, y, z) = \^p{x, y, z) \ exp[2'Ki(t){x , y, z)] (11) 

where 27r(j){x, y, z) is argument of ip. So wave function \E' for modified Schrodinger equation 
Q can be written as 

= ijj exp(-27riz/^9) = {ipl exp[2'iTi{-ut + $(a;, y, z))] (12) 

^{x, y, z) = iytp{x, y, z) + 0(x, y, z) (13) 

As ki = I V$(x, y, z) I is wave number of matter wave according to modified Schrodinger 
equation, k = | V0(x, y, z) \ is wave number of matter wave according to classical Schrodinger 



equation, and |Vtp| = 1/fp, the following expression can be obtained from formula (13) 



,0 ,0 '^vk , , 

kf = k^ + — ^ cos a (14) 

v], Vp ^ ^ 

where a denotes an angle between vectors V</) and Vtp. 

For cos a > —v/2kvp there is ki > k, Xi < A; for cos a < —v/2kvp there is ki < 
k, Xi > A; and for cos a = —v/2kvp will be ki = k, Xi = X. In these formulae A^ = 
1/ki, X = 1/k denote wavelengths of matter wave defined by modified and classical 
Schrodinger equations, respectively. 



For a characteristic case of a = we obtain from expression (14) 



ki = k + — (15) 

Vp 



Formula (15) proves that if a = 0, then modified wave number ki is higher than 
classical wave number k. Therefore modified wavelength Xi = 1/ ki is lower than classical 
wavelength A = 1/k. 
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Let Vph.i = v /hi Vgr.l = du/dki, Vph = v/k, Vgr = du/dk be modified wave phase veloc- 
ity, modified wave group velocity, classical wave phase velocity and classical wave group 
velocity, respectively. In the case of a = phase and group velocities of matter waves 



determined from modified formula ( 15 ) are smaller than defined by classical Schrodinger 
equation 



1 _ 1 1 

Vph.l Vph Vp 



1 1 

— + — 



Vqr.l 



Jgr 



Vp 



(16) 
(17) 



If a free material particle (?7 = 0, v = k = mv/h) initially was 

and moves parallel axis Xm > 0, then perturbation traveltime and local time are defined 
as tp = Xm/vp, d = t — Xm/vp. Thus, modified DeBroglie's wave equation ([8| becomes 



\E' = exp[27ri(— z/t + kiXm)] 



(18) 



where 



ki = k + 



V 



Vp 



mv 
~h 



1 + 



2vp 



(19) 



is modified DeBroglie's wave number which is higher than classical wave number k = 
mv/h. It means that modified DeBroglie's wavelength A; = 1/ki is lower than classical 



DeBroglie's wavelength \ = 1/k. Expression (19) is a particular case of (15). 



The modified DeBroglie's wave phase Vphj and group Vgr,i velocities are smaller than 



respective classical values [6]- [8] Vph = v/2 and v, 



gr 



Vph 
1 + Vph/Vp 



2 {l + v/2vp) 



(20) 



dv dv 



Jgr.l 



Jgr 



dv dki 1+Vgr/vp 1+v/vp 



(21) 



Formulae (20) and (21) are similar to (16) and (17), respectively. 
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Figure 1: Electron wave number vs. electron speed in Davisson and Jermer experiment 
(diamonds - experimental data from [H]; A - theoretical curve for classical DeBroglie's 
wave with infinite speed of the perturbations propagation; B - best fit curve for modified 
DeBroglie's wave with finite speed of the perturbations propagation). 

5 Modified Schrodinger equation and experiments with 
electron waves diffraction 

Nobel lecture of C.J. Davisson [9] includes results of classical Davisson and Germer ex- 
periment with electron waves diffraction on a crystal of nickel. The lecture presents 
experimental values of electron wave length Aexp vs. V~^'^, where V is electron acceler- 



ating voltage. These data can be used for experimental check of formula (19) because 



Kxp = l/Aexp and V = {2eV/m)^-^, where e, k^xp denote electric charge of electron and 
experimental value of electron wave number, respectively. 

Fig. 1 shows experimental points (diamonds) with values of k^xp and v corresponding 
to respective values of Xexp and V in lecture |9]. Line A is classical vp = oo DeBroglie's 
electron wave number k = mv/h vs. electron speed v. Though a part of experimental 
points are close enough to A kg^p ~ k, for most of experimental points there is significantly 
kexp > k, and are missing points where substantially kexp < k. 

Line B in Fig. 1 is best fit (least squares) approximation for all experimental points, 
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obtained by variation of fp in formula (19) for modified wave number ki. For line B 
variance is 4.9 * 10^^ and for line A variance is significantly bigger 11.2 * 10^'' 1/m^. 

Line B corresponds to speed of the perturbations propagation equal vp = 1.3 * 10^ m/s, 
which is 44% of speed of light. Author of paper does not present experimental errors. 
Because of this, we are not able to find why experimental value of speed of the perturba- 
tions propagation differs from our theoretical prediction. Most probably it is the result of 
experimental errors. Anyway obtained experimental value of speed of the wave function 
perturbations propagation has order of magnitude of speed of light. 

So analysed experimental data 



1. confirms correctness of formula (19) 



2. supports hypothesis of finite speed of the wave function perturbations propagation, 
and supplies its experimental value of vp = 1.3 * 10^ m/s, which is 44% of speed of 
light; 

3. proves that modified Schrodinger equation is physically sound. 



6 Conclusions 

Derived modified time dependent Schrodinger equation is of parabolic type, as the 
classical equation. Its solutions predict finite speed of the wave function perturbations 
propagation. 

Properties of modified Schrodinger equation solutions are studied. I prove that clas- 
sical time dependent Schrodinger equation is a particular case of modified equation, and 
time independent versions of modified and classical Schrodinger equations are identical. 

Results of classical Davisson-Germer experiments with electron waves diffraction sup- 
port developed theoretical concept of modified Schrodinger equation, and predict that 
speed of the wave function perturbations propagation has order of magnitude of speed of 
light. 
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